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Dedicated to the memory of Elbert Walker
Abstract For a commutative ring Rwith identity, a Specker R-algebra is a commuta-
tive unital R-algebra generated by a Boolean algebra of idempotents, each nonzero
element of which is faithful. Such algebras have arisen in the study of ℓ-groups,
idempotent-generated rings, Boolean powers of commutative rings, Pierce duality,
and rings of continuous real-valued functions. We trace the origin of this notion
from early studies of subgroups of bounded integer-valued functions to a variety of
current contexts involving ring-theoretic, topological, and homological aspects of
idempotent-generated algebras.
Key words: ℓ-group, singular element, Specker algebra, idempotent-generated al-
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1 Introduction
Our goal in this article is to give some historical and practical motivation for a
class of commutative algebras known as Specker algebras that are encountered in
various guises in contexts such as Baer-Specker theory, hyperarchimedean ℓ-groups
and vector lattices, rings of continuous functions, Boolean powers of commutative
rings, and Pierce sheaves.
Before outlining our survey of this topic, we wish to acknowledge first our debt
to Elbert Walker as friend, mentor, colleague, and researcher. While our topic does
not directly build on Elbert’s work, it cuts across several of his interests in a path
that would be perfectly familiar to him, from abelian group theory and ring theory to
foundations, category theory, and homological algebra. When we arrived at NMSU
at different points during the years 1990-2002, Elbert was beginning his second
research career in statistics and fuzzy logic. Characteristically, rather than distancing
him from the foundations and algebra research groups at NMSU, his new research
only deepened his impact on these groups, resulting in new collaborations among
the seminar members, as well as new directions for research that incorporated the
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algebraic approaches to fuzzy logic pioneered by Elbert and Carol Walker. In fact,
it was not unusual to hear Elbert speak in the algebra seminar one year on abelian
p-groups, the next on type 2 fuzzy sets, and the next on localization of categories.
It is in this same spirit of appreciation of multiple perspectives that we hope to
present the topics in this article. Our approach to the topic draws heavily on Elbert’s
influence and persuasive viewpoint on mathematics. As Elbert would often remind
us, his interest was not only in the proof of a theorem but why the theorem was
true. The topic of this survey grew from just such a desire to understand a similar
“why” for certain algebraic-topological dualities such as Gelfand-Naimark-Stone
duality, Kakutani-Krein-Yosida duality, de Vries duality, and Pierce duality. While
these dualities remain far in the background of this article, connections to them can
be seen more explicitly in [6, 8, 9, 10] and will be further elaborated on in future
articles. For the present article, we want instead to focus on a rather simply defined
class of commutative algebras, that of Specker algebras, which plays a key role in
our algebraic approach to these dualities.
In Section 2 we discuss the Specker group concept, which originates with
Specker’s work on subgroups of the Baer-Specker group. We trace this concept
through No¨beling’s results on freeness and into Conrad’s work, which gives an ax-
iomatic description of Specker groups by locating them within the class of ℓ-groups
(lattice-ordered groups). The culmination of this line of research is the representa-
tion of a Specker ℓ-group as a group of Z-valued continuous functions on a locally
compact Hausdorff zero-dimensional space (see Theorem 2.8). Although we make
no claim of originality for the results themselves, we give self-contained proofs of
most of the results in Section 2, emphasizing a duality-theoretic approach in the
spirit of Stone.
Using the fact from Section 2 that multiplication is always present on Specker ℓ-
groups, we shift focus in Section 3 from groups to rings, and from rings to algebras.
We define Specker R-algebras for an arbitrary commutative ring with identity, and
we discuss several of their properties. In this treatment, we follow [7], but we also
point out additional connections and applications from [6, 10].
In the final section of the paper, we consider Specker R-algebras in the two clas-
sical cases, R = Z and R = R. We use the former case and the work of Bergman
[4] to revisit the freeness results for Specker ℓ-groups discussed in Section 2. In the
case R = R, we discuss the role Specker algebras play in the theory of continuous
real-valued functions on Stone spaces.
2 Specker ℓ-groups
The origins of Specker ℓ-groups can be traced back to Baer-Specker theory. The
product G = ∏∞i=1Z of countably many copies of Z is termed the Baer-Specker
group, so called because Baer [1] proved first that this group is not free while
Specker [23] proved that certain subgroups ofG, including the countable subgroups,
are free. No¨beling [20] generalized some of Specker’s work to obtain that for any
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set X the additive group B(X ,Z) of bounded functions from X to Z is free and has
a basis of characteristic functions. As we discuss in Section 4.1, Bergman [4] has
given a different proof of this fact that is important for our point of view. No¨beling
then considered certain subgroups of B(X ,Z):
Definition 2.1. (No¨beling [20, p. 41]) A group G is called a Specker group if G is
a subgroup of B(X ,Z) for some set X , and for each function g ∈ G and n ∈ Z, the
characteristic function of g−1(n) is in G.
A theorem of No¨beling [20, Thm. 2] implies that every Specker group is free
and has a basis of characteristic functions. Thus, No¨beling’s work gives a new class
of subgroups of ZX which are free. However, No¨beling’s definition is lacking the
robustness of an axiomatic definition in the sense that it depends on an embedding
into a power of Z.
This lack of an axiomatization is addressed by Conrad in the 1974 article [13].
He first observes that Specker groups are necessarily ℓ-groups1 with respect to the
pointwise order. In fact, the Specker subgroups of B(X ,Z) for some set X are pre-
cisely the ℓ-subgroups of B(X ,Z) [13, 4.2]. Moreover, every Specker group is closed
with respect to the pointwise multiplication of B(X ,Z) [13, 4.2]. As with the defini-
tion of a Specker group, both of these properties assume an ambient group B(X ,Z)
in order to formulate them. To free himself of this ambient group, Conrad introduces
the following notions.
Definition 2.2. Let G be an abelian ℓ-group.
(1) An element s ∈ G is singular if s≥ 0 and g∧ (s− g) = 0 for each 0≤ g≤ s.
(2) Call G a Specker ℓ-group if G is generated by its singular elements.
Remark 2.3.
(1) The above definition of a singular element is slightly different from Conrad’s
definition [13, 4.3] in that he does not assume 0 to be singular.
(2) Conrad [13, 4.6] originally called Specker ℓ-groups S-groups.
Theorem 2.4. (Conrad [13, 4.2]) An abelian group G is isomorphic to a Specker
group iff there is a lattice order on G such that G is a Specker ℓ-group.
Theorem 2.4 provides an axiomatization of Specker groups that is independent
of any ambient embedding. A detailed study of Specker ℓ-groups was conducted by
Conrad [13] and Conrad and Darnel [14, 15, 16]. One of the key results, which can
be found in [17, Prop. 57.21], is that an ℓ-group G is a Specker ℓ-group iff there is
a locally compact Hausdorff zero-dimensional space X such that G is isomorphic
to the ℓ-groupCk(X ,Z) of all continuous Z-valued functions with compact support.
We give a different proof of this result relying more explicitly on Boolean algebra
theoretic methods.
We recall that a generalized Boolean algebra is a distributive lattice Lwith 0 such
that for each a ∈ L, the interval [0,a] is a Boolean algebra. Clearly if a generalized
1 For background on ℓ-groups, see [11, Ch. XIII].
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Boolean algebra has a 1, then it is a Boolean algebra. By [15, Prop. 2.5], the set of
singular elements of an abelian ℓ-group forms a generalized Boolean algebra. We
give an elementary proof for the reader’s convenience.
Lemma 2.5. Let G be an abelian ℓ-group and let S be the set of all singular elements
of G.
(1) If g is singular and 0≤ f ≤ g, then f is singular.
(2) If g1,g2 are singular, then g1∨g2 is singular.
(3) S is a generalized Boolean algebra under the meet and join operations of G.
Proof. (1). Suppose that g is singular and 0≤ f ≤ g. Let e∈Gwith 0≤ e≤ f . Since
f ≤ g and g is singular, 0≤ ( f −e)∧e≤ (g−e)∧e= 0 . Therefore, ( f −e)∧e= 0,
so f is singular.
(2). Let f ∈G with 0≤ f ≤ g1∨g2. Then
f ∧ [(g1∨g2)− f ] = f ∧ [(g1− f )∨ (g2− f )] = [ f ∧ (g1− f )]∨ [ f ∧ (g2− f )].
Now, f ∧ (g1− f ) ≤ f ∧ [g1− ( f ∧ g1)], and this latter term is bounded by g1 as
g1− ( f ∧g1)≤ g1. Consequently,
f ∧ [g1− ( f ∧g1)] = f ∧g1∧ [g1− ( f ∧g1)].
Since g1 is singular and 0 ≤ f ∧ g1 ≤ g1, we have ( f ∧ g1)∧ [g1− ( f ∧ g1)] = 0.
Therefore, f ∧ (g1− f ) ≤ 0. Similarly, f ∧ (g2 − f ) ≤ 0, and so from the above
equation, f ∧ [(g1∨g2)− f ]≤ 0. Clearly this is nonnegative, which yields f ∧ [(g1∨
g2)− f ] = 0. Thus, g1∨g2 is singular.
(3). By (1) and (2), S is closed under meet and join. Clearly 0 ∈ S. Therefore, S is
a sublattice of G with bottom. Since G is a distributive lattice, so is S. Let g ∈ S and
0≤ f ≤ g. Because g is singular, f ∧ (g− f ) = 0. From this, by the ℓ-group identity
x+ y = x∨ y+ x∧ y, we have f ∨ (g− f ) = f +(g− f ) = g. Thus, g− f is the
complement of f in the interval [0,g] ⊆ S, proving that S is a generalized Boolean
algebra. ⊓⊔
Let G be an abelian ℓ-group. For a ∈ G, we recall that the positive and negative
parts of a are defined as a+ = a∨ 0 and a− = −(a∧ 0) = (−a)∨ 0, and we have
a = a+− a−. In defining a− we follow [19] rather than [11]. Also, the absolute
value of a is defined as |a|= a∨ (−a), and we have |a|= a++a−. We call a,b ∈G
orthogonal if a∧ b = 0; and a representation a = ∑ni=1migi orthogonal if the gi
are pairwise orthogonal. The next lemma provides a useful tool for working with
Specker ℓ-groups; for Part (1) see [15, Prop. 1.2].
Lemma 2.6. Let G be a Specker ℓ-group and let S be the set of all singular elements
of G.
(1) Every element a ∈ G has an orthogonal representation a = ∑ni=1migi with the
mi ∈ Z and gi ∈ S.
(2) If a=∑ni=1migi is an orthogonal representation with each 0≤mi ∈Z and gi ∈ S,
then a=
∨n
i=1migi.
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(3) If a,b ∈ G, then there are compatible orthogonal representations a= ∑ni=1migi
and b= ∑ni=1 pigi for some mi, pi ∈ Z and gi ∈ S.
(4) Let a = ∑ni=1migi be an orthogonal representation with each 0 < gi ∈ S. Then
a+ = ∑{migi | mi > 0} and a
− = ∑{−migi | mi < 0}.
(5) If a ∈ G has an orthogonal representation a = ∑ni=1migi with each 0 < gi ∈ S,
then a≥ 0 iff each mi ≥ 0.
Proof. (1). Let g,h ∈ S. Then g1 := g− (g∧ h), h1 := h− (g∧ h), and g∧ h are all
singular by Lemma 2.5(1). We have
g1∧ (g∧h) = [g− (g∧h)]∧ (g∧h)= 0
since g is singular. Similarly, h1∧ (g∧h) = 0. Also,
g1∧h1 = [g− (g∧h)]∧ [h− (g∧h)]= (g∧h)− (g∧h) = 0.
Therefore, g1 and h1 are orthogonal. Thus, if a = ng+mh for n,m ∈ Z, then
a = ng1+mh1 +(n+m)(g∧ h), which is an orthogonal representation. A simple
induction argument then shows that any Z-linear combination of singular elements
can be rewritten into an orthogonal representation.
(2). Suppose that a=m1g1+m2g2 with g1∧g2 = 0 and 0≤m1,m2. Without loss
of generality, we may assume that m1 ≤ m2. Then
0≤ m1g1∧m2g2 ≤ m2g1∧m2g2 = m2(g1∧g2) = 0.
Thus, m1g1 +m2g2 = m1g1 ∨m2g2. A simple induction argument then yields the
result.
(3). Let a,b ∈ G. By (1), a = ∑ni=1migi and b = ∑
m
j=1 p jh j with the mi ∈ Z
(resp. p j ∈ Z) and the gi ∈ S (resp. h j ∈ S) pairwise orthogonal. Set g =
∨n
i=1 gi
and h =
∨m
j=1 h j, and let u = g∨ h. By Lemma 2.5, the interval [0,u] is a Boolean
algebra. Let g′ (resp. h′) be the complement of g (resp. h) in [0,u]. By adding 0g′
(resp. 0h′) to the orthogonal representations of a,b, we may assume that g= h= u.
From this we see that gi = gi∧(
∨m
j=1 h j) =
∨m
j=1(gi∧h j). By (2), gi = ∑
m
j=1(gi∧h j)
and similarly h j = ∑
n
i=1(gi ∧ h j). Consequently, a = ∑imigi = ∑i, jmi(gi ∧ h j) and
b= ∑i, j p j(gi∧h j) are compatible orthogonal representations.
(4). Let a= ∑ni=1migi with the 0 6= gi ∈ S pairwise orthogonal. Set b= ∑{migi |
mi > 0} and c = ∑{−migi | mi < 0}. Then a = b− c and b,c ≥ 0. Moreover, by
(2), b =
∨
{migi | mi > 0} and c=
∨
{−migi | mi < 0}. Because the gi are pairwise
orthogonal, we see that b∧ c = 0. Since b,c ≥ 0 and a = b− c, we conclude that
b= a+ and c= a− (see [11, p. 295, Lem. 4]).
(5). Let a=∑ni=1migi with the 0 6= gi ∈ S pairwise orthogonal. Since each gi ≥ 0,
it is clear that if each mi ≥ 0, then a ≥ 0. Conversely, suppose that a ≥ 0. Then
a− = 0. Since each gi > 0, if some mi < 0, then a
− > 0 by (4). This contradiction
implies that all mi ≥ 0. ⊓⊔
We next show that each nonzero element of a Specker ℓ-group has a unique
orthogonal representation. This is stated without proof in [15].
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Lemma 2.7. Let G be a Specker ℓ-group and let S be the set of all singular elements
of G.
(1) If g,h ∈ S are nonzero and n,m are positive integers, then ng≤mh iff g≤ h and
n≤ m.
(2) Every nonzero element of G has a unique orthogonal representation ∑ni=1migi
with the mi distinct and nonzero and the gi ∈ S nonzero.
Proof. (1). One direction is clear. For the other, suppose that ng ≤ mh. Set g1 =
g− (g∧ h). Since g is singular, g1∧ (g∧ h) = (g− g∧ h)∧ (g∧ h) = 0, and since
g1 ≤ g, we have g1∧h= 0. Because g≤ ng≤ mh, we see that
0≤ g1∧mh≤ mg1∧mh= m(g1∧h) = 0,
which shows g1∧mh= 0. Thus, since g1 ≤mh, we get g1 = 0. Hence, g= g∧h, so
g≤ h. Suppose n>m. We havemg+(n−m)g≤mh, so (n−m)g≤m(h−g). From
g≤ h and h singular it follows that g∧ (h− g) = 0. Therefore, [11, p. 294, Thm. 5]
implies g∧m(h− g) = 0, which further implies that (n−m)g∧m(h− g) = 0 since
n−m≥ 0. This forces (n−m)g= 0. Because G is torsion-free (see, e.g., [11, p. 294,
Cor. 1]) and g is nonzero, n= m. This contradiction shows n≤ m.
(2). Let 0 6= a ∈ G. By Lemma 2.6(1), we may write a = ∑ni=1migi with the
mi ∈ Z and the gi ∈ S pairwise orthogonal. We may assume that the mi and gi
are nonzero. Let {p1, . . . , pt} be the distinct elements of {m1, . . . ,mn}, and let
ki =
∨
{g j |m j = pi}. We have ∑{m jg j |m j = pi}= pi∑{g j |m j = pi}. Since the gi
are pairwise orthogonal, by Lemma 2.6(2), ∑ j g j =
∨
j g j = ki. Thus, a = ∑
t
i=1 piki
is an orthogonal representation with distinct coefficients and the ki singular and
nonzero.
For uniqueness, suppose that a ∈ G can be written as a = ∑ri=1migi = ∑
s
j=1 n jh j
with the mi ∈ Z (resp. n j ∈ Z) distinct and the gi ∈ S (resp. h j ∈ S) nonzero pairwise
orthogonal. By setting the positive and negative parts equal and using Lemma 2.6(4),
it suffices to assume all coefficients are positive. First suppose that r = 1. We write
mg= ∑sj=1 n jh j. Relabel if necessary to assume n1 =max{n j}. Then
mg≤ n1(h1+ · · ·+ hs) = n1(h1∨·· ·∨hs).
By (1) we get m≤ n1 and g≤ h1∨·· ·∨hs. On the other hand, since all coefficients
are positive, mg ≥ n1h1, so m ≥ n1 by (1). Therefore, m = n1 and g ≥ h1. Thus,
m(g− h1) = n2h2 + · · ·+ nshs. If s ≥ 2, then repeating this argument shows m =
max{n2, . . . ,ns}. But this is impossible since m = n1, which is strictly greater than
all other n j. This contradiction shows s= 1. Then m= n1 and g= h1.
Next, suppose a = ∑ri=1migi = ∑
s
j=1n jh j with r ≥ 2. Relabel if necessary to
assume m1 =max{mi} and n1 =max{n j}. Then
m1g1 ≤ n1(h1+ · · ·+ hs) = n1(h1∨·· ·∨hs).
Therefore, by (1) again,m1≤ n1. Reversing the roles of the gi and h j yields n1≤m1.
Thus, m1 = n1. Set g
′ = g1− (g1∧h1) and h
′ = h1− (g1∧h1). Then
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m1g
′+m2g2+ · · ·+mrgr = m1h
′+ n2h2+ · · ·+ nshs,
so m1g
′ ≤ m1h
′+ n2h2+ · · ·+ nshs. Since h
′,h2, . . . ,hs are pairwise orthogonal and
the ni are positive, by Lemma 2.6(2),
m1h
′+ n2h2+ · · ·+ nshs = m1h
′∨n2h2∨·· ·∨nshs.
Because m1g
′ ∧m1h
′ = m1(g
′ ∧ h′) = 0, it follows that m1g
′ ≤ n2h2 + · · ·+ nshs.
If g′ > 0, then repeating part of the r = 1 argument shows m1 ≤ max{n2, . . . ,ns},
which is false. Therefore, g′ = 0, so g≤ h. Replacing g′ by h′ yields h≤ g, so g= h
and n1 = m1. Thus, m2g2+ · · ·+mrgr = n2h2+ · · ·+ nshs. The result then follows
by induction. ⊓⊔
We are ready to give our proof of the following representation of Specker ℓ-
groups.
Theorem 2.8. Let G be an abelian ℓ-group. Then G is a Specker ℓ-group iff there is
a locally compact Hausdorff zero-dimensional space X such that G is isomorphic
to the ℓ-group Ck(X ,Z) of all continuous Z-valued functions on X with compact
support.
Proof. We first show that the ℓ-groupCk(X ,Z) of all continuousZ-valued functions
with compact support on a locally compact Hausdorff zero-dimensional space is a
Specker ℓ-group. Let f ∈Ck(X ,Z). Since f has compact support, f (X) is a compact
subset of Z, hence it is finite. Since f is continuous, for each nonzero mi ∈ f (X),
we have f−1(mi) is a compact clopen subset of X . From this it follows that f =
∑ni=1miχUi for some nonzero integers mi and nonempty compact clopen subsets Ui
of X . It remains to show, for each compact clopen U , that χU is singular. Suppose
that 0 ≤ g ≤ χU . Since g is Z-valued, there is V ⊆U with g = χV . Then χU − g=
χU\V , so g∧ (χU − g) = χV ∧ χU\V = χU∩(U\V ) = χ∅ = 0. Thus, χU is singular.
For the converse, by Lemma 2.5(3), the set S of singular elements of G is a
generalized Boolean algebra. Let X be the Stone dual of S. Then X is a locally
compact Hausdorff zero-dimensional space [24, Sec. I.2]. We define a map α :G→
Ck(X ,Z) as follows. If g ∈ S, let Kg be the corresponding compact clopen subset
of X . Then the characteristic function χKg is a continuous Z-valued function on
X with compact support, and so χKg ∈ Ck(X ,Z). If 0 6= a ∈ G, by Lemma 2.7(2),
let a = m1g1 + · · ·+mngn be the unique orthogonal representation of a, and set
α(a) = m1χKg1 + · · ·+mnχKgn . We point out that α(a) can be computed from any
orthogonal representation a = m1g1+ · · ·+mngn. For, if any of mi ∈ Z or gi ∈ S is
zero, thenmigi = 0=α(migi). Otherwise, the proof of Lemma 2.7(2) shows that we
obtain the unique representation of Lemma 2.7(2) by replacing a piece of the sum of
the form mgi1 + · · ·+mgit by mg, where g= gi1 ∨·· ·∨git . But Kg = Kgi1 ∪·· ·∪Kgit
by Stone duality. Thus, α(a) = m1χKg1 + · · ·+mnχKgn .
Let a,b∈G. By Lemma 2.6(3), we may write a=∑ni=1migi and b=∑
n
i=1 pigi for
some pairwise orthogonal set of singular elements. Since a+ b= ∑ni=1(mi+ pi)gi,
it then follows that α(a+ b) = α(a)+α(b), and so α is a group homomorphism.
Furthermore, if α(a) = 0, then the formula for α(a) shows that all coefficients are
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0, and so a = 0. To see that α is onto, let f ∈ Ck(X ,Z). Then f is finitely valued.
Let m1, . . . ,mn be the distinct nonzero values of f . Since f has compact support,
each Ki = f
−1(mi) is compact clopen in X , and it is easy to see that f = m1χK1 +
· · ·+mnχKn . By Stone duality, for each i there is gi ∈ S with Ki = Kgi , so f =
α(m1g1+ · · ·+mngn). Therefore, α is a group isomorphism. Since G andCk(X ,Z)
are Specker ℓ-groups, it follows from Lemma 2.6(5) that a ≥ 0 iff α(a) ≥ 0. Thus,
α is an order isomorphism, hence an isomorphism of ℓ-groups. ⊓⊔
Remark 2.9. Since Z is archimedean, it is an immediate consequence of Theo-
rem 2.8 that every Specker ℓ-group is archimedean.
Corollary 2.10. (Conrad [13, 4.7]) Let G be a Specker ℓ-group. Then there is a
unique multiplication on G which makes G into a commutative ring such that gh=
g∧ h for all singular elements g,h. Consequently, singular elements are precisely
the idempotents of G.
Proof. By Theorem 2.8, we may identifyG withCk(X ,Z) for some locally compact
Hausdorff zero-dimensional space X . Pointwise multiplication makesCk(X ,Z) into
a commutative ring. Since each g ∈ S is identified with the characteristic function
χKg , if g,h∈ S, then χKg ∧χKh = χKg∩Kh = χKg ·χKh , and hence gh= g∧h. As idem-
potents of Ck(X ,Z) are characteristic functions of compact clopens, we conclude
that singular elements are precisely the idempotents. Finally, since G is generated
by singular elements, the equation gh= g∧h gives that the multiplication is unique.
⊓⊔
Let G be an abelian ℓ-group. We recall that a positive element u ∈ G is a weak
order-unit if for any a ≥ 0, from a∧ u = 0 it follows that a = 0; and that u is a
strong order-unit if for each a ∈G there is n ∈N such that a≤ nu. The concept of a
strong order-unit is in general stronger than that of a weak order-unit (see, e.g., [11,
p. 308]). However, the two concepts are equivalent for Specker ℓ-groups. While this
can be derived from [17, Thm. 55.1], we give a direct proof in the next lemma.
Lemma 2.11. Let G be an abelian ℓ-group and let S be the set of singular elements
of G. Suppose that u ∈ G is a weak order-unit and u = m1g1 + · · ·+mngn is an
orthogonal representation with the mi > 0 and the gi ∈ S. Let g= g1∨·· ·∨gn.
(1) g is the largest element of S and is a strong order-unit.
(2) u is a strong order-unit.
(3) S is a Boolean algebra.
Proof. (1). Clearly g ∈ S by Lemma 2.5(2). Let h ∈ S. Applying the lemma again
yields g∨h ∈ S, so g∧ [(g∨h)− g] = 0. Set a= (g∨h)− g. Then
0≤ gi∧a= gi∧ [(g∨h)− g]≤ g∧ [(g∨h)− g] = 0.
Therefore, gi∧a = 0, so migi∧a = 0 for each i. Thus, by Lemma 2.6(2), u∧a = 0.
Since u is a weak order-unit, a = 0. Consequently, g∨h= g, so h ≤ g. This proves
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that g is the largest element of S. To see that it is a strong order-unit, let b ∈ G and
let b = p1h1+ · · ·+ prhr be an orthogonal representation with the pi ∈ Z and the
hi ∈ S. If m= ∑
r
i=1 |pi|, then b≤mg since each hi ≤ g. This shows that g is a strong
order-unit.
(2). This is immediate from (1) since g≤ u as each mi ≥ 1.
(3). This is immediate from (1) and Lemma 2.5(3). ⊓⊔
Another consequence of Theorem 2.8 characterizes Specker ℓ-groups with a
weak order-unit.We recall that a Stone space is a compact Hausdorff zero-dimensional
space.
Corollary 2.12. Let G be an abelian ℓ-group. Then G is a Specker ℓ-group with a
weak order-unit iff there is a Stone space X such that G is isomorphic to the ℓ-group
C(X ,Z) of all continuous Z-valued functions on X.
Proof. Suppose that G is isomorphic to C(X ,Z) for a Stone space X . Since X is
compact,C(X ,Z) =Ck(X ,Z), and soG is a Specker ℓ-group by Theorem 2.8.More-
over, the constant function 1 is a weak order-unit of C(X ,Z), hence G has a weak
order-unit. Conversely, if G is a Specker ℓ-group with a weak order-unit, then by
Lemma 2.11(3), S is a Boolean algebra, and hence its dual X is a Stone space.
Therefore, since X is compact, C(X ,Z) = Ck(X ,Z). Applying Theorem 2.8 again
finishes the proof. ⊓⊔
Remark 2.13. Corollary 2.12 suggests another interpretation of Specker ℓ-groups
having a weak order-unit. Recall (see, e.g., [3] or [12, Sec. IV.5]) that if B is a
Boolean algebra and A is an algebra of some type, then the (bounded) Boolean
power of A by B is the algebraC(X ,A) of the same type consisting of the continuous
functions from the Stone space X of B to the discrete space A. If we take A to be Z,
then the Boolean power C(X ,Z) is a Specker ℓ-group with a weak order-unit; and
by Corollary 2.12, the Specker ℓ-groups with a weak order-unit can be reinterpreted
as the Boolean powers of Z. In Section 3 we show that a similar result holds for
our notion of a Specker algebra, i.e., that the Specker R-algebras are precisely the
Boolean powers of the commutative ring R.
We conclude this section by showing that Specker ℓ-groups with a weak order-
unit carry all the information about Specker ℓ-groups in that each Specker ℓ-group is
an ℓ-ideal of a Specker ℓ-group with a weak order-unit (see [13, p. 209]). We recall
that an ℓ-ideal of an ℓ-group G is a normal subgroup N of G satisfying that a ∈ N
and |b| ≤ |a| imply b ∈ N. It is well known (see, e.g., [11, p. 304, Thm. 15]) that
ℓ-ideals are precisely the kernels of ℓ-group homomorphisms.
Theorem 2.14. Let G be an abelian ℓ-group. Then G is a Specker ℓ-group iff G is
isomorphic to an ℓ-ideal in a Specker ℓ-group with a weak order-unit.
Proof. We prove one direction by showing that an ℓ-ideal N of a Specker ℓ-groupH
with a weak order-unit is itself a Specker ℓ-group. It is clear that N is an abelian ℓ-
group. Let a∈ N. First suppose that 0≤ a, and write a=m1g1+ · · ·+mngn with the
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mi ∈ Z and the gi ∈ S pairwise orthogonal. By Lemma 2.6(5),mi ≥ 0, so 0≤ gi ≤ a,
and hence gi ∈ N for each i. If g ∈ N is singular in H, then it is singular in N, so a is
a sum of singular elements of N. For a general, applying the previous argument to
a+ and a− shows that each is a sum of singular elements in N. Consequently, N is
generated by its singular elements, and hence N is a Specker ℓ-group.
For the converse, if G has a weak order-unit, there is nothing to show. Suppose
G does not have a weak order-unit. By Theorem 2.8, there is a locally compact
Hausdorff zero-dimensional space X such that G is isomorphic to Ck(X ,Z). Since
G does not have a weak order-unit, X is not compact. Let Y = X ∪{∞} be the one-
point compactification of X . Then Y is a Stone space. By Corollary 2.12, C(Y,Z)
is a Specker ℓ-group with a weak order-unit. We embed Ck(X ,Z) into C(Y,Z) by
extending each f ∈Ck(X ,Z) by setting f (∞) = 0. This extension to Y is continuous
since f−1(0) is then the complement of a compact subset of X , and so is an open
neighborhood of ∞. Under this embedding Ck(X ,Z) is sent to the kernel of the ℓ-
group homomorphism α : C(Y,Z)→ Z defined by sending f to f (∞). Thus, G is
isomorphic to an ℓ-ideal ofC(Y,Z). ⊓⊔
Remark 2.15. Since Z is simple as an ℓ-group, the kernel of the ℓ-group homomor-
phism α :C(Y,Z)→ Z in Theorem 2.14 is a maximal ℓ-ideal. Thus, every Specker
ℓ-group is isomorphic to a maximal ℓ-ideal in a Specker ℓ-group with a weak order-
unit.
3 Specker algebras
Corollary 2.10 induces the structure of a commutative ring on each Specker ℓ-group
G under which singular elements are precisely the idempotents of the ring. If in
addition G has a weak order-unit, then by Corollary 2.12, G can be viewed as a
commutative ring with multiplicative identity 1. With this in mind, in this section
we shift our focus from Specker ℓ-groups to commutative rings, since when dealing
with Specker ℓ-groups, the ring-theoretic structure is always present. We leave most
of the proofs out and refer the reader to [7] for details.
Convention. From now on all rings and algebras we consider will be assumed to be
commutative, and have a multiplicative identity unless otherwise specified.
Every Specker ℓ-group can be viewed as a torsion-free Z-algebra (possibly with-
out 1) generated by its idempotents. This is the motivation for the notion of a
Specker algebra over a ring. However, because we wish to have a notion of Specker
algebra robust enough to include cases where the base ring can be any ring, the
dependence on the condition that the algebra be torsion-free over its base ring is
problematic for rings with zero-divisors. This can be circumvented by a closer anal-
ysis of what suffices for an idempotent-generatedZ-algebra A to be torsion-free: Let
0 6= a∈A and let a=∑ni=1miei be an orthogonal representationwith each 0 6=mi ∈Z
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and the idempotents ei nonzero. If k ∈ Z, then the fact that the ei are pairwise or-
thogonal implies that ka = 0 iff kmiei = 0 for each i. Thus, A is torsion-free as a
Z-module iff each nonzero idempotent in A is faithful, meaning that no nonzero
element of the base ring Z annihilates it.
This suggests that for a ring R, the correct notion of a Specker R-algebra is
an idempotent-generated R-algebra for which each nonzero idempotent is faithful.
However, this once again presents a problem for the level of generality in which we
wish to work: If R has a nontrivial idempotent e 6= 0,1, then since (1− e)e= 0, the
idempotent e is not faithful. Thus, our provisional notion of a Specker algebra rules
out any choices for the base ring in which there is a nontrivial idempotent. In other
words, such a definition is only useful for indecomposable rings.
For this reason, we propose in Definition 3.1 a more subtle way of capturing the
essential properties of the algebras arising from Specker ℓ-groups. We no longer
require that all nontrivial idempotents be faithful, since that proves much too re-
strictive. We require instead that there are “enough” such faithful idempotents. Even
the notion of “enough” is more subtle than might be expected. To capture the full
strength of the Specker condition as studied in Section 2, one needs not simply
that the algebra A in question is generated by faithful idempotents. Rather, in or-
der to have a reasonable decomposition theory of its elements along the lines of
Lemma 2.6, the algebra needs that these faithful idempotents occur as the nonzero
elements of a Boolean subalgebra of the Boolean algebra Id(A) of idempotents of
A. In such a case, we say that A has a generating algebra of faithful idempotents.
Among other things, this condition is of technical importance because it permits
refinements and coarsenings among faithful representations of the elements in the
algebra. With this condition in place, we arrive at our main definition.
Definition 3.1. [7, Def. 2.3] Let R be a ring. We call an R-algebra A a Specker R-
algebra if A is an R-algebra that has a generating algebra of faithful idempotents.
Example 3.2. Let R be a domain and A an idempotent-generated R-algebra. We
claim that A is a Specker R-algebra iff A is torsion-free as an R-module and, if
so, Id(A) is the unique generating algebra of faithful idempotents. For the first state-
ment, if A is torsion-free, then each nonzero element is faithful, so Id(A) is a faithful
generating algebra, which implies that A is Specker. Conversely, suppose that each
nonzero e ∈ A is faithful. Let 0 6= a ∈ A. As with Specker ℓ-groups, there is an or-
thogonal representation a= r1e1+ · · ·+ rnen for some 0 6= ri ∈ R and 0 6= ei ∈ Id(A)
(see [7, Lem. 2.1]). If r ∈ R with ra = 0, then multiplying the equation ra = 0
by ei yields rriei = 0. Since ei is faithful, rri = 0. Because R is a domain and
ri 6= 0, we see r = 0. Thus, A is torsion-free. Finally, we show that Id(A) is the
only generating algebra. Suppose that B ⊆ Id(A) is a generating algebra for A. Let
e ∈ Id(A) be nonzero. There is an orthogonal representation e = r1b1+ · · ·+ rnbn
for some 0 6= ri ∈ R and 0 6= bi ∈ B. Therefore, e = e
2 = r21b1+ · · ·+ r
2
nbn, and so
(r21− r1)b1+ · · ·+(r
2
n− rn)bn = 0. Multiplying by bi yields (r
2
i − ri)bi = 0, which
implies r2i = ri since bi is faithful. Since R is a domain, ri = 1. Consequently, e is the
sum of the bi, and so e is the join of these bi. Thus, e ∈ B. This proves B = Id(A),
and so Id(A) is the unique generating algebra of faithful idempotents for A.
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A natural question arising from Definition 3.1 is whether each Specker R-algebra
has a unique generating algebra of faitfhful idempotents. While this is the case iff R
is indecomposable (see Theorem 3.9), it is of note that any two generating algebras
of faithful idempotents are isomorphic as Boolean algebras [7, Thm. 3.5].
This and many other properties of Specker R-algebras follow from a representa-
tion theorem for Specker R-algebras that has its roots in the work of Bergman [4]
and Rota [22]. The goal of the representation is to encode the intuition that a Specker
R-algebra is comprised of two pieces of data, the base ring R and a Boolean algebra
B that is (isomorphic to) a generating algebra of faithful idempotents. This is done
via a polynomial construction which we outline next.
Definition 3.3. [7, Def. 2.4] Let B be a Boolean algebra. We denote by R[B] the
quotient ring R[{xe | e ∈ B}]/IB of the polynomial ring over R in variables indexed
by the elements of B modulo the ideal IB generated by the following elements, as
e, f range over B:
xe∧ f − xex f , xe∨ f − (xe+ x f − xex f ), x¬e− (1− xe), x0.
This construction does indeed produce a Specker R-algebra:
Proposition 3.4. [7, Lem. 2.6, Thm. 2.7] Let R be a ring and let B be a Boolean al-
gebra. Then R[B] is a Specker R-algebra such that, in the notation of Definition 3.3,
{xe+ IB | e ∈ B} is a generating algebra of faithful idempotents that is isomorphic
as a Boolean algebra to B via the map iB sending e ∈ B to xe+ IB.
In fact, every Specker R-algebra arises in this fashion, as we point out next. A
useful way of seeing this is to note first that the following universal mapping prop-
erty is an easy consequence of the definition of R[B].
Lemma 3.5. [7, Lem. 2.5] Let A be an R-algebra. If B is a Boolean algebra and
σ : B→ Id(A) is a Boolean homomorphism, then there is a unique R-algebra homo-
morphism α : R[B]→ A satisfying α ◦ iB = σ .
If A is a Specker R-algebra and B is a generating algebra of faithful idempo-
tents, Lemma 3.5 implies there is a unique R-algebra homomorphism α : R[B]→ A
induced by the inclusion B→ Id(A). The map α is onto because the idempotents
in B generate A as an R-algebra. That it is one-to-one is a consequence of the fact
that each nonzero element of A can be decomposed into an R-linear combination
of faithful idempotents from the generating algebra (see [7, Lem. 2.1] for more de-
tails). Therefore, every Specker R-algebra is isomorphic to an R-algebra of the form
R[B].
Remark 3.6. Each idempotent-generated R-algebra A is isomorphic to a quotient of
a Specker R-algebra. To see this, let B= Id(A). By Lemma 3.5, the identity function
B→B induces an R-algebra homomorphismα :R[B]→A, sending xb+ IB to b. This
map is onto since A is generated by B. Therefore, A is isomorphic to R[B]/ker(α).
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These ideas can be carried further, as is done in [7], to show that the interpretation
of Specker ℓ-groups from Section 2 involving Boolean powers can be proved in
our setting also. In particular, a Specker R-algebra can be viewed as the ring of
continuous functions from a Stone space X to the ring R with the discrete topology
(which we denote by Rdisc). Putting all this together, we have:
Theorem 3.7. [7, Thm. 2.7] Let A be an R-algebra. The following are equivalent.
(1) A is a Specker R-algebra.
(2) A is isomorphic to R[B] for some Boolean algebra B.
(3) A is isomorphic to C(X ,Rdisc) for some Stone space X.
(4) A is isomorphic to a Boolean power of R.
Remark 3.8. It is possible to generalize Boolean powers of totally ordered domains
so that instead of working with Stone spaces one works in the generality of com-
pact Hausdorff spaces. For this we need to generalize Stone duality for Boolean
algebras. While there are a number of such generalizations, probably the closest in
spirit to Stone duality is de Vries duality for compact Hausdorff spaces [25]. This
requires adding a binary relation of proximity to the signature of Boolean algebras.
The resulting structures are known as de Vries algebras [5]. Boolean powers are
generalized to de Vries powers in [6]. The main idea, modulo many technical de-
tails, is to replace the finitely valued continuous functions on a Stone space by the
finitely valued normal functions on a compact Hausdorff space. It is then possible
to extend the proximity on B to that on R[B], and prove that the resulting category
of “proximity Specker R-algebras” is dually equivalent to the category of compact
Hausdorff spaces [6, Thm. 8.6].
As the nature of the construction of R[B] and its universal mapping property sug-
gest, there is a a functor S : BA→ SpR from the category BA of Boolean algebras
and Boolean homomorphisms to the category SpR of Specker R-algebras and unital
R-algebra homomorphisms, defined on objects by S (B) = R[B]; and for maps, if
σ : B→C is a Boolean homomorphism, then S (σ) is the unique R-algebra homo-
morphism R[B]→ R[C] extending σ .
There is also the obvious functor in the other direction, i.e., the functor I :
SpR → BA defined on objects by I (A) = Id(A); and for maps, if α : A→ A
′ is a
unital R-algebra homomorphism, then I (α) = α|Id(A).
These functors form an adjunction [7, Lem. 3.7], but not in general an equiva-
lence since the full algebra of idempotents of a Specker R-algebra may not be faith-
ful. It is of interest to know when this adjunction is an equivalence of categories,
since in such a case the category of Specker R-algebras is simply the category of
Boolean algebras in another guise. Not surprisingly, the presence of nontrivial idem-
potents in R is precisely the obstruction to equivalence:
Theorem 3.9. [7, Thm. 3.8] The following are equivalent for a ring R.
(1) R is indecomposable.
(2) The functors I and S yield an equivalence of SpR and BA.
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(3) The Specker R-algebras are the idempotent-generated R-algebras for which
each nonzero idempotent is faithful.
Remark 3.10. If R is not indecomposable, then SpR and BA are no longer equivalent
because the functor I does not take into account the Boolean action i : Id(R)→
Id(A). Let R be an arbitrary ring. By adding an additional class of generators, ex1−
xi(e) for e ∈ Id(R) to the ideal IB in the definition of R[B], we obtain an algebra R〈B〉
which we called a locally Specker algebra in [10]. The name is motivated by the fact
that ifM is a maximal ideal of Id(R), then R〈B〉/MR〈B〉 is a Specker R/MR-algebra,
hence R〈B〉 is “locally” a Specker algebra at M. By [10, Thm. 4.4] the category of
locally Specker R-algebras is equivalent to the category of Boolean algebras with an
Id(R)-action, thus providing a refinement of Theorem 3.9.
Remark 3.11. It is an immediate consequence of Theorem 3.9 and Stone duality that
for R indecomposable, the category SpR is dually equivalent to the category Stone
of Stone spaces and continuous maps. If R is not indecomposable, then this duality
no longer holds, but can be refined by a duality between the category of locally
Specker R-algebras and the category of Stone bundles [10, Prop. 4.7(2)].
Remark 3.12. By Pierce duality [21], each ring R can be represented as the ring of
global sections of a sheaf of indecomposable rings over the Stone space X of Id(R).
In terms of Pierce duality, all locally Specker R-algebras arise in the following way:
If R is the Pierce sheaf of R overX and f :Y →X is a Stone bundle, then the pullback
f−1
(
R
)
of R is a sheaf of rings over Y , and its ring of global sections is a locally
Specker R-algebra [10, Thm. 3.3].
4 Classical cases: Specker Z-algebras and Specker R-algebras
In this section we focus on Specker R-algebras in the special cases R = Z and R=
R. In both of these cases, Theorem 3.9 implies that the categories SpR of Specker
R-algebras and BA of Boolean algebras are equivalent, and hence SpR is dually
equivalent to the category of Stone spaces. So in both cases a Specker R-algebra is
completely determined by its Boolean algebra of idempotents. Not surprisingly, this
Boolean algebra is at the heart of the applications we discuss in this section.
As we indicate in Subsection 4.1, the theory of Specker ℓ-groups can be recast in
the language of rings, and in particular, the Specker ℓ-groups with a weak order-unit
are precisely the Specker Z-algebras. Following Bergman [4], we use this insight
to recover No¨beling’s freeness result discussed in Section 2. In Subsection 4.2, we
work instead with Specker R-algebras and show that these can be viewed as the
finitely valued continuous real-valued functions on a Stone space. More generally,
we discuss the role that Specker R-algebras play in the context of rings of continu-
ous real-valued functions.
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4.1 Specker Z-algebras
With the aim of connecting the material on Specker ℓ-groups to SpeckerZ-algebras,
we first give a characterization of Specker ℓ-groups in the language of rings.
Theorem 4.1. A group G admits a lattice order making it a Specker ℓ-group iff G
is isomorphic to the additive group of a torsion-free Z-algebra (possibly without 1)
which is generated by idempotents.
Proof. Let G be a Specker ℓ-group. By Theorem 2.14,G is isomorphic to an ℓ-ideal
of a Specker ℓ-groupG′ with a weak order-unit. By Corollary 2.12,G′ is isomorphic
toC(X ,Z) for some Stone space X . Under pointwise multiplication,C(X ,Z) is a Z-
algebra. It is torsion-free and generated by its idempotents, which are continuous
characteristic functions. Thus, G embeds in C(X ,Z) and, as singular elements of
G are sent to idempotents of C(X ,Z), G is isomorphic to the additive group of a
subalgebra ofC(X ,Z), which is a torsion-free Z-algebra generated by idempotents.
Conversely, suppose G is isomorphic to the additive group of a torsion-free Z-
algebra A which is generated by idempotents. If A has a 1, then by [7, Thm. 4.1], A
is a Specker Z-algebra, so by Theorem 3.7, A is isomorphic to C(Y,Z), where Y is
the Stone space of Id(A). Therefore, G is a Specker ℓ-group by Corollary 2.12.
If A does not have a 1, then we may embed A into a Z-algebra with 1, namely
A′ := A× Z, where addition is componentwise and multiplication is given by
(r,n)(s,m) = (rs+mr+ ns,nm) (see, e.g., [18, p. 119, Thm. 1.10]). The resulting
ring with 1 is easily seen to be torsion-free and
Id(A′) = {(e,0) | e ∈ Id(A)}∪{(−e,1) | e ∈ Id(A)}.
From this description A′ is generated by idempotents, so A′ is a Specker Z-algebra,
and hence A′ is isomorphic to C(Y,Z), where Y is the Stone space of Id(A′).
The description of Id(A′) shows that Id(A) embeds in Id(A′) as a maximal ideal.
Therefore, by Stone duality, it corresponds to the complement of a point y ∈ Y .
Let α : A′ → C(Y,Z) be the canonical isomorphism which sends e ∈ Id(A′) to
the characteristic function χKe , where Ke is the clopen subset of Y correspond-
ing to e. We show that α(A) = { f ∈ C(Y,Z) | f (y) = 0}, which is an ℓ-ideal of
C(Y,Z). First, if e ∈ Id(A), then e /∈ y, and so χKe(y) = 0. Therefore, each a ∈ A is
sent to a function that vanishes at y. Conversely, if f ∈ C(Y,Z) with f (y) = 0, let
f = m1χK1 + · · ·+mnχKn be an orthogonal representation. Since f (y) = 0, we see
that y /∈ Ki for each i. There are ei ∈ Id(A
′) with Ki = Kei , and so each ei /∈ y. This
means each ei ∈ A. Therefore, f lies in the image of A. This shows that the image of
A is an ℓ-ideal of C(Y,Z). Consequently, G is a Specker ℓ-group by Theorem 2.14.
⊓⊔
Theorem 4.1 gives a description of Specker ℓ-groups purely in ring-theoretic
terminology. Bergman [4] used a ring-theoretic approach to recover No¨beling’s the-
orem in the special case of a Specker ℓ-group with a weak order-unit. We state his
theorem in our terminology.
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Theorem 4.2. (Bergman [4, Theorem 1.1]) If A is a Specker Z-algebra, then A is
free as a Z-module and has a basis consisting of idempotents.
Theorem 4.2 is restricted to unital Z-algebras and hence only gives the freeness
of Specker ℓ-groups with a weak order-unit. However, combining Bergman’s theo-
rem with Corollary 2.14 and Theorem 4.1 recovers No¨beling’s theorem that every
Specker group is free with a basis of characteristic functions:
Corollary 4.3. If G is a Specker ℓ-group, then G is a free abelian group having a
basis of singular elements.
Proof. By Corollary 2.14, there is a Specker ℓ-groupH with a weak order-unit such
thatG is (isomorphic to) an ℓ-ideal of H. By Theorem 4.1,H is a Specker Z-algebra
with a weak order-unit, and then by Theorem 4.2, there is a basis B of H consisting
of singular elements. We claim that G∩B is a basis for G. Let a ∈ G and first
suppose that 0 < a. Then we may write a = m1g1 + · · ·+mngn for some gi ∈ B
and some 0 < mi. We have 0 < gi ≤ a, so gi ∈ G. Consequently, a is a Z-linear
combination of elements from G∩B. For an arbitrary a ∈ G, from the previous
case both a+ and a− are in the Z-span of G∩B. Since a = a+− a−, we see that a
is in the span of G∩B. Thus,G∩B is a basis for G consisting of singular elements
of G. ⊓⊔
Bergman’s proof of Theorem 4.2 amounts to showing that for each Boolean al-
gebra B, the abelian group Z[B] is free and has a basis of idempotents. Combining
Theorem 3.7 with the observation that for a ring Rwith 1, we haveR[B]∼=R⊗ZZ[B],
we thus obtain that every Specker R-algebra is a free R-module.
It follows that if R is a domain, then the idempotent-generated R-algebras A that
are Specker are precisely those that are free as R-modules (since in the latter case
every nonzero idempotent is faithful). Less obviously, this remains true if R is inde-
composable, and that in this case, A is projective iff A is free:
Theorem 4.4. [7, Thm. 3.12] Let R be indecomposable and let A be an idempotent-
generated R-algebra. Then the following are equivalent.
(1) A is a Specker R-algebra.
(2) A is a free R-module.
(3) A is a projective R-module.
Remark 4.5. A converse of Theorem 4.4 is also true: If R is a ring, then R is in-
decomposable iff for each idempotent-generated R-algebra A that is projective as
an R-module, A is a Specker R-algebra; see [10, Thm. 7.2]. In [10, Sec. 7], further
homological aspects of idempotent-generated algebras (e.g., flatness) are studied in
relation to Specker R-algebras as well as to the locally Specker R-algebras discussed
in Remark 3.10.
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4.2 Specker R-algebras
In [8, Def. 5.1], a SpeckerR-algebra is defined to be a unitalR-algebraA such that A
is generated as an R-algebra by the idempotents in A. Since an R-algebra is torsion-
free as an R-module, this definition agrees with the definition of Specker algebra
given in Section 3. In this section we use results from [8] to illustrate the role that
Specker R-algebras play in the context of rings of continuous real-valued functions.
Let A be a Specker R-algebra. By Theorem 3.7, there is a Stone space X , namely
the Stone space of Id(A), such that A is isomorphic as an R-algebra to C(X ,Rdisc).
The discrete topology is somewhat unnatural when dealing with R; instead we wish
to consider R with the usual interval topology. By [7, Prop. 5.4], the fact that R is a
totally ordered ring implies that C(X ,Rdisc) = FC(X ,R), the ring of finitely-valued
continuous functions into R with the usual interval topology. Since X is compact, it
follows that FC(X ,R) is the ring PC(X ,R) of piecewise constant real-valued con-
tinuous functions (see [7, Rem. 5.5]). Thus, we obtain the following representation
theorem for Specker R-algebras.
Theorem 4.6. [8, Thm. 6.2(6)] An R-algebra A is a Specker R-algebra iff A is iso-
morphic as an R-algebra to PC(X ,R) for some Stone space X.
The theorem implies that every Specker R-algebra A admits an ℓ-algebra struc-
ture. Since the isomorphism in the theorem sends idempotents to idempotents, it
follows that the isomorphism carries the set of idempotents of A onto the set of
characteristic functions on X , and hence the ℓ-algebra structure on A extends the
usual order on the Boolean algebra of idempotents of A.
The next theorem gives a ring-theoretic characterization of Specker R-algebras.
For this we recall that a ring A is a von Neumann regular ring if for all a ∈ A there
is b ∈ A with aba= a.
Theorem 4.7. [8, Thm. 6.2(2)] Let A be an ℓ-subalgebra of C(X ,R) for some com-
pact Hausdorff space X. Then A is a Specker R-algebra iff A is a von Neumann
regular ring.
Remark 4.8. Let X be a compact Hausdorff space. The uniform norm onC(X ,R) is
given by ‖ f‖ = sup{| f (x)| | x ∈ X}. If X is a Stone space, then PC(X ,R) separates
points of X , hence by the Stone-Weierstrass theorem, PC(X ,R) is uniformly dense
in C(X ,R). Thus, Specker R-algebras can be viewed as encoding the essential al-
gebraic data of rings of continuous real-valued functions on Stone spaces. In fact,
it follows from [8, Secs. 5 and 6] that for a Stone space X the Specker R-algebra
PC(X ,R) is the smallest uniformly dense ℓ-subalgebra of C(X ,R). For a more for-
mal treatment of this idea in terms of categories and coreflectors see [8, Sec. 6].
Remark 4.9. If an ℓ-group G has an R-vector space structure compatible with the
order, then G is called a vector lattice or Riesz space. These structures have been
investigated in detail (see, e.g., [19]). A Specker R-algebra A viewed as a vector
lattice is hyperarchimedean, meaning that A/I is archimedean for each ℓ-ideal I of
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A (the converse is also true; see [8, Thm. 6.2]). Hyperarchimedean vector lattices
with a weak order-unit were studied in [2], where a result analogous to Theorem 4.6
was proved. It follows that the category of Specker R-algebras is equivalent to the
category of hyperarchimedean vector lattices with a weak order-unit.
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